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LINDELOF MODELS OF THE REALS:
SOLUTION TO A PROBLEM OF SIKORSKI

BY
LARRY MANEVITZ' AND ARNOLD W. MILLER

ABSTRACT

We show that it is consistent with ZFC that there is a model M of ZF + DC such
that the integers of M are w,-like, the reals of M have cardinality w,, and the
unit interval [0, 1]% is Lindeldf (i.e. every open cover has a countable subcover).
This answers an old question of Sikorski.

Introduction and history

Sikorski in a series of papers ([16], [17], [18]) attempted to generalize algebraic
(i.e. ordered archimedean fields) and topological (i.e. Bolzano—Weierstrauss,
metric) properties of the real number line. The basic theme of his program
seemed to be the idea that the cardinals (w, ;) should be replaceable by (w1, w,).

Two definitions of his are pertinent here:

(1) An ordered field has character w, if it has an unbounded subset of order
type w;.

(2) An ordered field has the BW, property (after Bolzano—Weierstrauss) if it
has character w; and every bounded w;-sequence of elements of F contains a
convergent subsequence.

Previous results:

(1) (Sikorski [16]) There are BW -fields.

(2) (Sikorski [17]) The real closure and the algebraic closure of a BW -field is a
BW field.

The generalization of a metric to that of w,-metrizable space was done by
Sikorski [18]. He also defined a space to be w;-compact (= Lindeldf) if every
open cover has a countable subcover.

Sikorski asked [18, p. 132] if there was an example of an w;,-metrizable
w;-compact space of cardinality > w:.
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(3) (Juhasz—Weiss [8]) There is an w;-metrizable Lindeldf space of cardinality
> w, if and only if there is a Kurepa tree with no Aronszajn subtrees. (Thus by
results of Silver [19] and Jensen (see Devlin [7]) the existence of such a space is
independent of the usual axioms for set theory.)

Sikorski [16, p. 88] also raised the question as to the existence of a BW,-field of
cardinality > w,.

(4) (Cowles-LeGrange [10]) Showed that any closed bounded interval of a
BW,-field is an w,-metrizable Lindelof space. (Thus by (3) a positive answer to
Sikorski’s question would imply the existence of a Kurepa tree with no
Aronszajn subtrees.)

QOur main result here, as stated in the abstract, thus answers Sikorski’s
question by showing that it is independent of the usual notions of set theory.

Essentially the idea of our proof is that if we can build for every model of
ZF + DC an elementary extension such that

(a) the natural numbers are an end-extension of the old integers and

(b) every new real in [0, 1] is infinitesimally close to an old real (this is Lemma
1)
then under iteration property (b) will give us a model with the Lindel6f property
while property (a) will give us natural numbers which are wi-like. (This is
Theorem 2.)

Our full result though requires that the reals have cardinality = w,. We obtain
this via a forcing argument. The idea is that our conditions are essentially models
of set theory and we can use Lemma 1 and a non-standard version of an
embedding result of Friedman and Woodin to show that a model with the
desired reals and integers is added.

This paper was written while Manevitz was visiting The University of Texas
Mathematics Department whom he thanks for their gracious hospitality.

The results

1. LEMMA. Suppose M is a countable model of ZF + DC. Then there exists N
an elementary extension of M such that »" is a proper end extension of »"™ and
every x €[0,1]1" is infinitesimally close to some y €[0,1]" (i.e. there exists
n€w" - with |x —y|<1/n).

Proor. Build Z, € M for n < w such that Z, ., C Z,, MF*“Z, €E[w]””, and
for every f € M such that M = “f: @ —[0,1]”, there exists n < such that

M = “f(Z,)is a convergent sequence”.
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Also, construct the Z, so that for every m € o™ there exists n < w such that
Z,Nm = Now let T = Th(M)+{c € Z.}.<.. where Th(M) is the full theory
M and c is a new constant symbol. Clearly T is consistent and c is a new integer.
Let N* be any model of T. Now let N={x EN*:3IfEM, MF“f:0—>M"
and N*E“f(c) = x”}. Because of the constant functions we have that M C N C
N*.

1.1. Cram. N=N*,

Proor. This is true because of countable choice holding in M and the
Tarski-Vaught criteria. Suppose N* = 3x6(x, f(c)). Thenin M find g : 0™ > M
such that M =“Vn € w if x6(x, f(n)), then 0(g(n), f(n))”. Since M < N* we
have that N*E“0(g(c), f(c))".

1.2. CLaM. " is an end extension of o™.

Proor. If n <" and f(c)<n, then for some m, f(Z,) is eventually
constant, so f(¢) € M. U

1.3. Ctamm.  Every y €[0,1]" is infinitesimally close to some x €[0,1]™.

Proor. If y =f(c), then for some n € w, f(Z.) converges to x €M and
therefore y is infinitesimally close to x. O

These claims prove the Lemma. 0

Kunen pointed out to us that if M contains a non-principal uitrafilter U on
o™, then an easier proof can be given. Just let N be the M-ultrapower of M with
respect to U. (I.e. N = (M N M*)/U.) Note that our proof only needed that M
model countable choice. Is any choice needed? (U could be added generically
since M in a model of DC.)

As an application of Lemma 1 (before using it for our main result) we prove
the following Theorem.

2. THEOREM. Let M be any countable model of ZF + DC. Then there exists an
elementary extension N of M such that " is w,-like and [0,1]" is Lindelof.

PrOOF. Build a chain of countable elementary extensions of M, M, for
a < w, such that My=M, M, = U.., M, for each limit ordinal A, for a < B,
0™ is an end extension of w™, and for each a < w, every y €[0,1]Y+ is
infinitesimally close to some x €[0, 1]« Now let N =U,.,, M.. To see that
[0,1]" is Lindeldf, let U be an open cover of [0, 1]~. Without loss of generality
we may assume that the elements of 4 are open intervals with rational
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endpoints and so % C N. By a Lowenheim-Skolem argument find @ < w; such
that Vx €[0,1]" there exists I € % N N, such that x € L.

2.1. Ctaim. U N N, covers [0,1]".

PROOF. Since every y € [0, 1] is infinitesimally close to some x € [0, 1]",
it follows that % N N, still covers [0,1]™+. Also since w "=+ is a proper end
extension of ™ there exists k €Ew™+'—w’ It is easy to see that
{[1/k,(I +1)/k]:0=1 =k} refines U N N, and since »" is an end extension of
o™=+ for every x €[0,1]" there exists | €w" suchthat [/k =x=(I+1)/k. O

Now since U was an arbitrary open cover the Theorem is proved. O

This result is similar to that of Keisler [9] section 3 where it is shown that <.,
implies that there is an w;-like model of ZFC such that every class over the
model is definable. (Shelah [13] eliminates <., from the proof.) It is also like
Schmerl {11} theorem 1.5 which proves that there are w,-like models of
arithmetic in which every class is definable.

We are now going to try to construct models of ZF, M such that o™ is w,-like
and RY has cardinality = w,. Note however that the set (2°“)* contains a
Kurepa tree (i.e. a tree of countable width, height ,, and having = w,
branches). Hence we can only give consistency results. It is easy to modify the
results of Keisler [9] corollary 4.4 to obtain such a model from the existence of a
Kurepa tree. Also the existence of such a model follows the transfer theorem:

(w-like, w-like) = (w,-like, w,-like)

which Burgess and Silver have shown is true if V=L (see Burgess [1]).

We also desire that [0, 1]* be Lindelof (thus transferring o -compactness up to
w;-compactness). The method of proof is similar to that of forcing a generic
Kurepa tree. Such a tree contains no Aronszajn subtrees (see Todorcevi¢ [21]).

The next Lemma is needed for our proof. It is the nonstandard version of an
unpublished result due to H. Friedman and H. Woodin. BP stands for the
proposition that every set of reals has the Baire property. BUNIF stands for the
property that for every relation R C R x X (R is the reals and X any set), if for
every r € R there exists x € X such that (r, x) € R, then there exists a comeager
set G and a function f: G — X such that for all r €R, (r,f(r)) € R. That is,
BUNIF says that every relation is uniformizable on a comeager set. BUNIF is
true in Solovay’s model (Solovay [20]) where an inaccessible is collapsed to w,. It
is also true in Shelah’s model in which every set of reals has the Baire property
(Shelah [14]). This was pointed out to us by M. Magidor.
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3. Lemma (Friedman, Woodin). Suppose ME“ZF+DC+V=
L[R] +BP + BUNIF” and G is Cohen generic over M (i.e. via the usual countable
partial order). Then there is an elementary embedding of M into L[R]"'.

Proor. The partial order is the set of open intervals in R with rational end
points. Working in M[G], define U={A €P(R)NM: IpEG, pNA is
comeager in p}. Form the ultrapower

N=MnM")U.

This structure is gotten by starting with all functions f : R™ — M which are in M
and then defining an equivalence relation

f=giff{x ER":f(x)=g(x)}}eU
and a binary relation
[f1€[g] it {x ER™: f(x)Eg(x)}E U.

As usual define j : M — N by taking x € M into the equivalence class of the
constant function everywhere equal to x. Working in M[G] we prove the
following three claims.

3.1. CLaM. j is an elementary embedding.

PROOF. As usual, it is proved by induction on logical complexity that for any
formula 0(vy, vz, -+, v,) and fi, fa, 0, fa:

NE 0([f1]’ [fZ]’ o ’[f"])
{x ERY : MEO(fu(x), fo(x), -, fu (X))} E U

iff

For 6 an atomic formula this follows from the definition of N. The — and A case
are handled by noticing that BP and the genericity of G imply U is an ultrafilter.
The existential case is easily proved using BUNIF. g

3.2. CLamM. N is well-founded.

PrOOF. It is enough to note that j maps the ordinals of M onto the ordinals
of N. We use the well known fact that BP implies that the well-ordered union of
meager sets is meager. Suppose a is an ordinal of M and f:R” Np —>a, fEM,
and p €P.

Then there exists ¢ =p and B < a such that f'(8)Nq is comeager in q.
Hence by genericity of G evey ordinal of N less than j(a) is a j(8) for some
B<a. O
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3.3. CLamM. N is isomorphic to L[R]"°! via the transitive collapse of E.

Proor. It suffices to show G € N since every real in M[G] is in L{x, G] for
some real x in M. But [Id] is mapped to G where Id:R—R is the identity
mapping. O

Although we have used “&” for the membership relation in M there is
nothing in the proof that requires that M be a standard model. Most popular
expositions of forcing (e.g. Shoenfield [15] and Burgess [2]) construct the model
M{[G] by induction on rank, which can’t be done if M is nonstandard. However
forcing can be defined syntactically in M and for a generic G, M[G] can be
taken to be what it is forced to be. That is, if we look at all terms in forcing the
language and define 7¢ = o iff there exists p € G such that p 7 = ¢ and
7¢ € g iff there exists p € G such that pIF“7 € ¢, then we get the model
M]G]. See Cohen [5] for a result using forcing over nonstandard models. This
finishes the proof of Lemma 3. U

Let DAD stand for the proposition that every set of reals definable from an
w-sequence of ordinals is determined. Friedman and Woodin used this lemma to
prove that Con(ZFC + DAD) implies Con(ZFC+ —CH + DAD).

After receiving an earlier version of this paper Hugh Woodin pointed out to us
that we could have gotten by with a simpler version of Lemma 3. All we need is
some condition on our models of set theory, M, so that if G is Cohen over M,
then there is an elementary embedding of M into L[R]™'°). This will be true if
M = L[R)"™ where H is generic over L for adding w; Cohen reals. Also, it
suffices that M models ZF + DC+V =L[R] + for every nonconstructible real x
there exists a real ¢, Cohen over L, such that L[x] = L[c]. Woodin’s remarks
also reminded us of a paper of P. E. Cohen [6] where some related results are
proved.

Now we state the main result of this paper.

4. THEOREM. Suppose CH is true and M, is a countable model of “ZF + DC+
BP +BUNIF +V = L[R]". Then there exist a partial order P such that P has the
wy-C.C., forcing with P adds no subset of w, and forcing with P adds a model N
which is an elementary extension of M such that o" is w;-like, [0,1]" has
cardinality w,, and [0,1]" is Lindelof.

ProOF. A condition p € P consists of a countable model M, with universe a
countable ordinal which elementarily extends M, and a function f,:3, > M,
where 3, is a countable subset of w, and for each a €3, f,(a) is an open
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interval of [0,1]" with rational end points. We define p=p iff M, is an
elementary substructure of M;, o™ is an end extension of 0™, 2; D 3,, and for
each a €3, fi(a)C [, (a).

4.1. LEMMA. P has w,-c.c.

ProOF. Given w; conditions p, for @ < w., then if we assume the continuum
hypothesis, then there are only w, possible M,. Consequently we can assume
M,, = M,, for all @ and B. By the A-systems lemma we can find % and I' € [w,]*
such that for all a,B €T, 3. N =% and f, [Z=f, [ 2. (See, for example,
Burgess [2], 3.6.) But now for any a, 8 €T, p, and p, are compatible. O

For the next two lemmas it may be useful to refer to the following diagram of
models

(0™ = w™)

MCMiCM}---CM*CM,
(Every real in M infinitesimally close to a real of M*)
M,
ul
M, (o™+ end extends w™)

Ul
M,

4.2. LEMMA. P is wi-Baire (i.e. the countable intersection of open dense sets is
dense).

PrROOF. Suppose D, CP for n < w are open dense. For any p, € P construct
a sequence po. = p, with p. €D,. Let M=U, . M, andS=U,., 3, . Let
Q be the usual Cohen order, i.e. the partial order of open intervals with rational
end points. For each a €% let G, be the filter generated in Q" by {f, (a):a €
3,.}- By a dovetailing argument make sure that for each n < w

(al,az,”‘,a,.)EE", and DeM
such that M E“D is dense open C Q" ”, there exists some m < @ such that

M, E“(fp, (@1), fon (@2), - fr (@) ED”.

Thus any finite sequence of the G, ’s is Cohen generic over M. Let 3 ={a, : n <
w}. Let M% =M and for each n < w let

M, = L[R]MHC%]
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By Lemma 3, M} is elementarily embedded into M, (by a map fixing ordinals
and therefore reals). Let M* = U, ., M* (or more precisely the direct limit).
Then

M=M*

and ™ = »™". Now let M be an elementary extension of M* such that o™ is a
proper end extension of o™ and & =1/k where k € 0™ — ™. Define
f:2—>M by f(a)={(r.,s.) where (r.,s.) is any rational interval about the
Cohen real determined by G, of diameter less than ¢. Then (M, f) is condition
extending each p,. O

Suppose G is P-generic over the universe V and let N* = U{M, : p € G}.
Clearly ™" is w-like and by an easy genericity argument for all finite sequences
(a1, @2, 7, @n) €E w2, (Gayp, Gay, -+, Ga,,) is Cohen-generic over N*. Hence by
Lemma 3 and an extension of the elementary chain lemma to directed families
(see Chang and Keisler [4], 3.1.9) we can construct a model N which is an
elementary extension N*, each G,E€N and every real of N is in
N*[Ga, - -+, G.,] for some finite sequence {(ai, a,,* * -, @,) in w,. Our final lemma
finishes the proof of Theorem 4.

43. Lemma. [0,1]" is Lindeldf.

Proor. This proof is just a slightly more complicated version of the proof of
Lemma 4.2. Suppose

polk“U is a cover of [0, 1]™ by open intervals with rational end points”.

Build the sequence p, as in Lemma 4.2. Also make sure (by dovetailing) that for
all n < w, finite sequences (ai, as, -+, a,) from 2, and for all terms 7 for an
element of [0, 1]M[G“"G“2""’G""] there exists m < w and a rational interval I in M,

such that p, F“I € U” and

(For, (@), fp,, (@2), - Sho(@)k<reI”,

As in the proof of Lemma 4.2 let M§=M and M}, = L[R]""%.! where
S ={a,:n<w}, and let M*=U,.,M*. Now let M be an elementary end
extension of M* such that w™ is a proper end extension of ™" and for all
x €[0,1]" there exists y €[0,1]* and k € ™ — 0™ such that [x —y|< 1/k
(such an extension is given by Lemma 1). As before let ¢ =1/k for some
k € 0" —w™ and let f:3— M be defined by choosing any rational interval
f(a) about G, of diameter less than &. Then p = (M, f) is a condition extending
each p. and by construction there exists a countable set V of open intervals with
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rational end points such that VC M*, V covers [0,1]*", and pF“V C U”.
Since the diameters of things in V are not infinitesimal, it is clear that V covers
[0, 1] also. By the same argument as Claim 2.1 we have that V covers [0, 1]".

0

Concluding remarks

Reading Sikorski’s papers leaves one with the idea that he had some general
cardinality transfer principle in mind. Thus compact becomes Lindeldf, metriza-
ble becomes w;-metrizable. As we pointed out a model M with o™ w,-like and
the reals of cardinality = w. does indeed follow from the two-cardinal transfer
theorem of Burgess and Silver (Burgess [1]) (w-like, w,-like)— (w-like, w,-like).
It would be quite interesting to find a transfer result (possibly a three cardinal
one) that holds in L and which would imply the existence of a model which has
the above properties and is also Lindel6f.

In an earlier version of this paper we conjectured that our results were true in
L and probably provable from “morass with built-in &, At our urging Dan
Velleman has in fact shown this to be the case. He uses a stationary simplified
morass with linear limits (see Velleman [22]). Also the paper of Shelah and
Stanley on morasses with built-in & may shed some light on this.

It would also be nice to remove the assumption that the model thinks that
every set of reals has the Baire property or some other hypothesis as suggested
by H. Woodin (see remark just above Theorem 4). We know of no result which
suggests such an hypothesis is necessary.

REFERENCES

1. 1. P. Burgess, Infinitary Languages and Descriptive Set Theory, PhD Dissertation, University
of California, Berkeley, 1974.

2. J. P. Burgess, Forcing, in Handbook of Mathematical Logic, North-Holland, 1977, pp.
403-452.

3. J. P. Burgess, Consistency proofs in model theory: a contribution to Jensenlehre, Ann. Math.
Logic 14 (1978), 1-12.

4. C. C. Chang and H. J. Keisler, Model Theory, North-Holland, 1973.

5. P.J. Cohen, Automorphisms of set theory, in Proceedings of the Tarski Symposium (L. Henkin
et al., ed.), AMS, 1974, pp. 325-330.

6. P. E. Cohen, Models of set theory with more real numbers than ordinals, J. Symb. Logic 39
(1974), 579-583.

7. K. J. Devlin, Order types, trees, and a problem of Erdos and Hajnal, Period. Math. Hung. §
(1974), 153-160.

8. 1. Juhasz and W. Weiss, On a problem of Sikorski, Fund. Math. 100 (1978), 223-227.

9. H. J. Keisler, Models with tree structures, in Proceedings of the Tarski Symposium (L. Henkin
et al., ed.) AMS, 1974, pp. 331-348.



218 L. MANEVITZ AND A. W. MILLER Isr. J. Math.

10. R. LaGrange and J. Cowles, Generalized Archimedean fields, Notre Dame J. Formal Logic
24 (1983), 133-140.

11. J. H. Schmerl, Peano models with many generic classes, Pac. J. Math. 46 (1973), 523-536.

12. J. H. Schmerl, On «-like structures which embed stationary and closed unbounded subsets,
Ann. Math. Logic 10 (1976). 289-314.

13. S. Shelah, Models with second order properties I1. Trees with no undefined branches, Ann.
Math. Logic 14 (1978), 73-87.

14. S. Shelah, Can one take Solovay’s inaccessible away?, to appear.

15. J. R. Shoenfield, Unramified forcing, in Axiomatic Set Theory, Proceedings of the Sym-
posium in Pure Math., Volume 13, Part I, AMS, 1971, pp. 357-382.

16. R. Sikorski, On an ordered algebraic field, C.R. Soc. Sci., Lettres de Varsovie, Cl 111, 41
(1948), 69-96.

17. R. Sikorski, On algebraic extensions of ordered fields, Annal. Soc. Polon. Math. 22 (1949),
173-184.

18. R. Sikorski, Remarks on some topological spaces of high power, Fund. Math. 37 (1950),
125-136.

19. J. Silver, The independence of Kurepa’s conjecture and two-cardinal conjectures in model
theory, in Axiomatic Set Theory, Proc. of the Symposium in Pure Math., Volume 13, Part I, AMS,
1971, pp. 383-390.

20. R. M. Solovay, A model of set theory in which every set of reals is Lebesgue measurable, Ann.
of Math. 92 (1970), 1-56.

21. S. Todorcevié, Trees. subtrees, and order types, Ann. Math. Logic 20 (1981), 233-268.

22. D. Velleman, Simplified morasses with linear limits, preprint.

DEPARTMENT OF MATHEMATICS
BAR ILAN UNIVERSITY
RAMAT GAN, ISRAEL

DEPARTMENT OF MATHEMATICS
THE UNIVERSITY OF TEXAS
AUSTIN, TX 78712 USA



